Abstract. We extend several geometrical results in [10] for Riemannian manifolds with integral curvature to complete smooth metric measure spaces with integral Bakry-Émery Ricci curvature.
Here A f (t, θ) is the volume element of weighted measure e −f d vol = A f (t, θ)dθ ∧ dt and dθ is the volume element of unit sphere S n−1 . Clearly, Ric , see details in [1] .
It is well known that the classical Dirichlet isoperimetric and Sobolev constants are same, see e.g. [12] . In Section 3, we introduced these for smooth metric measure spaces, see Given the normalized form of integral in Proposition 1.3, we denote the normalized L p norm for function h by h * p,f,Bx(R) = h p,f,Bx(R) (vol f (B x (R))) and the normalized L ∞ norm is independent of f satisfying h * ∞,f,Bx(R) = sup Bx(R) h. By employing above Sobolev inequality (1.2), we extend the maximum principle in [10, 17] to integral Bakry-Émery Ricci curvature situation. Theorem 1.4. Let M n f be a complete smooth metric measure space. Assume that ∂ r f ≥ −a along all minimal geodesic segments for some constant a ≥ 0. For p > n 2
, there exists an ε = ε(n, p, a) > 0 and C = C(n, p, a) > 1 such that ifκ(p, f, a, 1) ≤ ε and R ≤ 1, then for any
Also we have the gradient estimate. , there exists an ε = ε(n, p, a) > 0 and C(n, p, a) > 1 such that ifκ(p, f, a, 1) ≤ ε and R ≤ 1 and u is a function on B x (R) satisfying
2 .
An outline of this paper is as follows. In §2, we review the Laplacian and volume comparison for integral Bakry-Émery Ricci curvature. In §3, we define local Dirichlet isoperimetric and Sobloev constants, as well as their normalized form in smooth metric measure space, moreover, we estimate the the normalized isoperimetric constant for integral Bakry-Émery Ricci curvature, see Theorem 1.1. In §4, as an applications, we establish the maximum principle (Theorem 1.4) and gradient estimate (Theorem 1.5) in a complete smooth metric measure space with integral Bakry-Émery Ricci curvature. In Appendix, we give the proof of equivalence between the two constants defined in §3.
Preliminary
In this section, we review Laplacian and volume comparison for smooth metric measure spaces. Let M n f be a complete smooth metric measure space and r(y) = d(y, x) be a distance function from x ∈ M n f . Assume that f satisfies ∂ r f ≥ −a along all minimal geodesic segments for some constant a ≥ 0. By choosing the Euclidean space with a weighted function as the model space, that is R n a = R n , g R n , e −h d vol with h(x) = −a|x| for x ∈ R n , then the f -Laplacian error term is
Wei-Wylie [21] has proved Ric f − ≥ 0 yields ∆ f r ≤ n−1 r + a, that is Ric f − p,f,a (r) ≡ 0 implies that ψ ≡ 0. In [22] , this has been extended to integral Bakry-Émery Ricci curvature bound following the work of Petersen-Wei [16] for integral Ricci curvature. , we have
and B x (r 1 ) be geodesic balls centered at x with radius r 2 ≥ r 1 > 0, we have
where V (n, a, t) denote the volume of geodesic ball B 0 (t) in the model space R 
Remark 2.3. Here we choose the power 2p rather than 2p − 1, so the explicit expression of C(n, p, a, r 2 ) similar to the one in [16, Lemma 2.1] rather than the one in [22] . If we denote the volume of (n − 1)-dimensional unit ball in R n and the weighted volume of geodesic sphere ∂B 0 (t) by ω n and A(n, a, t), respectively. Then A(n, a, t) = ω n t n−1 e at and C(n, p, a, r 2 ) = C(n, p)ˆr
Hence, (2.2) implies that
where C(n, p) is a constant depends on n and p. Hence, there exists a constant ε 0 = ε 0 (n, p, a, r 0 ) > 0 such that ifκ(p, f, a, r 0 ) ≤ ε 0 , then
For r 0 ≤ 1, from (2.4), it is easy to observe that there exists a ε 0 = ε 0 (n, p, a), independent of r, such that (2.5) holds forκ(p, f, a, r 0 ) ≤ ε 0 .
Remark 2.4. The scale invariantκ(p, f, a, r) has the curvature inequalities. For any r 1 ≤ r 2 , andκ(p, f, a, r 2 ) ≤ ε 0 , on one hand,
Hence,κ(p, f, a, r 1 ) ≤ ε 0 holds for r 1 ≤ 2
2p−n r 2 . On the other hand, ifκ(p, f, a, r 1 ) ≤ ε 0 , using the same method as in [17, Section 2.3] and volume doubling property (2.5), we havē
Hence, it is sufficient to work for the caseκ(p, f, a, 1) is small and then scale the metric to obtain the curvature condition.
Local Dirichlet Isoperimetric constant estimate
In this section, we introduce the local isoperimetric and Sobolev constants in smooth metric measure spaces motivated by classical ones in [6, 12] . Furthermore, we estimate the normalized form of the constants.
Definition 3.1. Let B x (r) be a geodesic ball with ∂B x (r) = ∅ in a complete smooth metric measure space M n f . For n ≤ α ≤ ∞, the Dirichlet α-isoperimetric constant of B x (r) is defined by
where Ω is an open submanifold of B x (r) with ∂Ω ∩ ∂B x (r) = ∅.
Clearly, ID n,f (B x (r)) is a scale invariant and ID ∞,f (B x (r)) is a weighted Cheeger constant.
, where the infimum is taken over all h ∈ C ∞ 0 (B x (r)). For convenience, we normalize the two kinds of constants above as following:
To estimate ID * α,f (B x (R)), we need several lemmas. By suitable modification of Gromov's observation [7, 11] , we can show Lemma 3.3. Let M n f be a complete smooth metric measure space. Assume that ∂ r f ≥ −a along all minimal geodesic segments for some constant a ≥ 0. Let S be any hypersurface dividing M n f into two parts M 1 , M 2 . For any subsets W i ⊂ M i , there exists x 1 in one of W i , say W 1 , and a subset W in another one, W 2 , such that the unique minimal geodesic joint x 1 and any x 2 ∈ W meet S at q with 
where D = sup x∈W d(x 1 , x) and S is the set of intersection points with S of geodesics γ xx 1 for all
Proof. Let Γ ⊂ S x 1 be the set of unit vectors v such that γ v = γ x 1 x 2 for some x 2 ∈ W . Using the polar coordinate (θ, t) ∈ S x 1 × R + and e
respectively the minimum and maximum radius such that exp x 1 (s i θ) ∈ W , and s(θ) such that exp
On the other hand,
where α(θ) is the angle between S and the radical geodesic exp x 1 (sθ). Applying above result, Hölder inequality, (1.3), and Laplacian comparison (2.3) successively in (3.6), we obtain
the required estimate.
Lemma 3.4 enable us to obtain a local Cheeger's constant estimate. , there exists ε = ε(p, n, a) such that ifκ(p, f, a, 1) ≤ ε, then for a geodesic ball B = B x (r), r ≤ 1 2 which is divided equally by S, we have
Proof. To begin with choosing
and D ≤ 2r and S ⊂ S ∩ B x (2r). Thus, by Lemma 3.4, we have
Next we aim at canceling the curvature inequality. Since volume doubling property (2.5) implies that
holds forκ(p, f, a, 2r) ≤ ε 0 . From the curvature inequality (2.6) and r ≤ 1 2 , the curvature condition reduces toκ(p, f, a, 1) ≤ 2
Inserting (3.8) and (3.9) into (3.7) gives
Here we used r ≤ . Hence, we can get the required result by choosing ε(n, p, a) = min 2 and the bigger radius 1, we obtain the other radius. , there exists ε = ε(n, p, a) > 0 and r 0 = r 0 (n, a) > 0 such that ifκ(p, f, a, 1) ≤ ε, then
Our proof follows the idea in [10, Theorem 3.3] , but using the approach directly runs into obstacle. The difficult was conquered by repeating the process of choosing the radius k − 1 times with k depends on a.
Proof. For any x ∈ M n f and i = 2, · · · , k, let r 1 = 1, choose points x i ∈ B x (r i−1 ) with r i <
By (2.4), we have
Here we used curvature inequality (2.6) and d i + r i ≤ 1 in the second inequality. Choose a q = q(n) such that
Choose ε ≤ ε 0 such that
Hence,
with r k = q 3 k−1 r 1 . We choose the integer k = k(a) such that
.
Since r 1 = 1, so the proof is complete by choosing r 0 = r k and ε ≤ ε 0 satisfying (3.12).
We now turn to prove the Theorem 1.1.
Proof of Theorem 1.1. Our first step is to show the estimation (1.1) holds for some radius r 0 = r 0 (n, p, a) ifκ(p, f, a, 1) ≤ ε 1 for some small constant ε 1 = ε 1 (n, p, a) > 0. By Theorem 3.6, we assume that ε 1 = ε 1 (n, p, a) is chosen such that
holds for some r 0 = r 0 (n, a). Given any y 0 ∈ M n f , let Ω be a smooth subdomain of B y 0 (r 0 ). Assume that Ω is connected and its boundary S = ∂Ω divides M n f into Ω and Ω c . For any y ∈ Ω, let r y be the smallest radius such that
From Ω ⊂ B y (2r 0 ) and vol f (B y (2r 0 )) ≤ ) , it follows that r y ≤ 1 10 . Since Ω has a covering Ω ⊂ ∪ y∈Ω B y (2r y ), thanks to Vitali Covering Lemma (cf.[13, Section 1.3]), there exists a countable family of disjoint balls {B y i (2r i )} such that Ω ⊂ ∪ i B y i (10r i ). On one hand, choosing ε 1 such thatκ(p, a, f, r) ≤ ε 0 for all r ≤ 1, and using volume doubling property (2.5) leads to
(3.14)
Moreover, choosing ε 1 as in Lemma 3.5 and using the disjoint of the balls {B x i (2r i )} gives
Combining (3.14) with (3.15) we obtain and (3.13) yields
Inserting above inequality into (3.16), we obtain
Hence, vol f (B(y 0 , r 0 ))
Our task now is to show (1.1) holds for any radius R ≤ 1 and forκ(p, f, a, 1) ≤ ε 2 with ε 2 = ε 2 (n, p, a) > 0. Let
. After a scaling, its sufficient to check thatκ(p, f, a, r 1 ) ≤ ε 1 . Choose ε 2 satisfying ε 2 ≤ ε 0 , then (2.5) holds for all R ≤ 1. Now if r 1 ≤ 1, by (2.6), κ(p, f, a, r 1 ) ≤ 2 Using the two cases, let
The proof is complete by setting ε = ε 2 .
Theorem A.1 in appendix implies that the normalized constants in (3.1) is equivalent, that is
Hence, Theorem 1.1 gives the following Sobolev inequality.
Corollary 3.7. Ifκ(p, f, a, 1) ≤ ε for the ε in Theorem 1.1, then for any R ≤ 1,
Applying (3.17) to h 2(n−1) n−2 , together with Hölder inequality we can get (3.18). The first eigenvalue of f -Laplacian is defined by
As in Cheeger's inequality [6] we have , there exists ε = ε(n, p, a) > 0 such thatκ(p, f, 1) ≤ ε, then for any R ≤ 1, the first eigenvalue of Dirichlet f -Laplacian has lower bound
Proof. Suppose ∆ f h = −λh for some λ > 0, and normalized h such that ffl
Bx(R)
h 2 e −f d vol = 1 and h = 0 on ∂B x (R). Then using (3.18) we have
The proof is completed.
applications
In this section, we prove the maximum principle and gradient estimate for integral BakryEmery Ricci curvature with the help of the normalized local Dirichlet Sobolev constant estimate.
Let and any function u with u| ∂Ω = 0, we have
where C(n, p) is a constant depends on n and p.
The proof of this result is quite similar to the one used in [17, Theorem 3.1] with s = n 2 due to the Sobolev inequality and the self-adjoint of ∆ f , and so is omitted. sup
Proof. Without lossing of generality, we can assume that sup , u is a function on B x (R) with u = 0 on ∂B x (R) and satisfying
Proof. By scaling we assume R = 1. We omit the volume form e −f d vol for convenience. From the Bochner formula, we have
Inserting (4.6) into (4.5) and regrouping giveŝ
In order to control ∆ f η, choose a cut-off function φ ∈ C ∞ 0 (B x (1)) such that 0 ≤ φ ≤ 1. For 0 < r < 1, φ(t) ≡ 1 for t ∈ [0, r], φ(t) ≡ 0 for t ≥ 1, and φ ≤ 0. Then define η(y) = φ(r(y)) and r(y) = d(x, y) be a distance function from x. Thus |∇η| = |φ |, and
where
Notice that this formula remains valid for l = 1. Indeed,
Next we use C s denote C s (B x (1)) for simplicity. Let β = n n−2 , applying Sobolev inequality (4.1), then for l ≥ n n−2 and l = 1,
The integration involving Bakry-Émery Ricci curvature can be estimated as follows,
, we also used Young's inequality
, we obtain
(4.9)
For the term ffl
. Now the same argument as above with ε = (4C
For the term with ψ, applying Hölder inequality, (1.3) and the Laplacian comparison (2.3) gives
,f,Bx (1) .
(4.11)
Note that for α = p(n−2) n(2p−1)
where we used Hölder inequlity due to p > n 2
implies that np np+2p−n < 1 in the second inequality. By setting ε = 4C
and inserting (4.12) into (4.11) we obtain
(4.13)
Inserting (4.9), (4.10), (4.13) into (4.8) gives
(4.14)
, i ≥ 0, and
Then (4.14) becomes
where s = max{4, 4p 2p−n }. Then substituting η i into the estimate and running the iteration from i = 0 gives To see that ID α,f (B x (R)) ≤ SD α,f (B x (R)), its suffices to show that
